Abstract: Stiffened plates are used in several applications, such as aircrafts, ships and aerospace structures. Geometric nonlinearity and stability analyses of stiffened and unstiffened composite laminated plate are presented in this paper using the high order finite element. Strain energy method has been used in the derivation. The strain energy has been divided into infinitesimal strain energy for small deformation and finite strain energy fro large deformation. The shear effect has been taken into consideration in the element derivation. The coupling effect of small and large deformation on the strain energy has been introduced to define the finite force vector. The results of the proposed element derivation have been validated through the comparison with published, software (ANSYS-12) and experimental results with geometric nonlinearity and stability analyses. Parametric investigations have been carried out on different case studies with different boundary conditions, number of layers, stacking sequence and aspect ratio.
Introduction
The technology of composite materials has experienced a rapid development. The main reason for this development is requirements for high performance materials, especially in military applications and aerospace structures. Plates are the most commonly structural forms used in these applications. Linear analysis of plates using finite element method was formulated by Zienkiewicz [1] using different types of elements.
The study of the review articles and other recent publications reveals that geometrical nonlinear problem for laminated composite plates even now have attracted the attention of many researchers and investigators. In particular cases, geometrical nonlinearity is discussed to introduce the effect of large deformation based on several approaches and using different elements (Mindlin, Serendipity … etc.) [2] [3] .
In the literature, basically two different theories were used in order to study laminated composite plates; the classical laminated plate theory and the shear deformation plate theories. The effect of transverse shear stress is neglected in the classical theory which can be used for thin plates. The transverse shear strains in composite layered plates are very effective parameters to estimate an accurate deflection and stresses. The first order shear deformation theory was proposed by Mindlin [4] and Reissner [5] where the shear effect was taken into consideration and the normal to the midsurface remain line but not normal.
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Ferreira and Barbosa [6] used finite element model to present a geometric non-linear analysis of composite shell structures. The material was assumed to have an orthotropic behavior and the performance of the model has been tested in some buckling examples. In the same field of buckling analysis, Istvan and Laszlo [7] introduced formulas for the calculation of the buckling load of rectangular orthotropic plates with clamped and/or simply supported edges.
The higher-order shear deformation theory was proposed to satisfy the plate boundary conditions and to explain the plate deformation which can be used for different types of analyses (frequency analysis, buckling analysis … etc.) [8] [9] [10] .
An analytical approach for buckling analysis of thick functionally graded rectangular plates is presented by Bodaghia and Saidi [8] where the equilibrium and stability equations are derived according to the higher-order shear deformation plate theory.
The onset of buckling in square laminated multi-layered composite plates, subject to unidirectional in-plane loads, is investigated by Fiedler, et. [9] within the framework of a generalized higher-order shear deformation theory suitable to capture significant transverse shear and thickness-wise deformation effects. The displacement field is expanded in a Taylor series of the thickness coordinate with arbitrary polynomial degree.
From the previous review it can be conclude that the higher-order theory for the analysis of laminated plates has received increased attention in the last decade. The aim of this paper is to provide a geometric nonlinear and stability analyses of composite laminated plate using a new derivation. The proposed element derivation based on the strain energy method which can be divided into infinitesimal and finite strain energy which corresponding to infinitesimal stiffness and stress matrices. This technique gives us the ability to avoid the problem of unsymmetry of stiffness matrix due to large deformation effect. A new derivation of high order shear element has been discussed. The effects of number of layers and degree of orthotropy are studied with different case studies by different boundary conditions and aspect ratio. The accuracy of the proposed derivation of the element has been verified through the comparison of the results with published, software (ANSYS-12) and experimental results.
Nodal Displacement Formulation
Plates are structural elements which are usually defined in terms of a midplane and thickness distribution. It may be classified into thin or thick according to the ratio of the thickness to span length. The displacement components at a general point may be resolved into in-plane displacements u, v and out-of plane displacement w which can be expressed as;
where u 0 , v 0 , w 0 are the displacement components of the midplane in x, y, and z directions and For an n-node element, the degrees of freedom at any point on the midplane are defined in terms of in-plane displacements, out-of plane displacements, and transverse shear strain. The nodal displacement vector of the element (at time t) can be defined as follows:
Strain-Displacement Relations
For simplification of derivations, the strains are defined in terms of two separate vectors:
(i) x-y components vector
Then according to Green's strain displacement equations the vector of x-y strain components can be expressed in terms of displacement components as follows [11] : Hence, the strain-displacement equations can be rewritten in matrix form as follows;
where the subscript "s" represents small strains and "L" represents large strains.
where the infinitesimal strain components can be defined in terms of nodal displacements and strain shape function matrices B as follows: The finite strain components can also be expressed in terms of rotation vectors  and A as follows: 
Strain Energy Equations
Due to a differential displacement field, the corresponding change of strain energy density is,
represent x-y stress and shear stress vectors respectively.
The stress at any point inside a composite laminate can be related to strain as follows:
where D ,  represent the stiffness matrix of material.
Hence, the x-y stress vector can be partitioned similar to the strain vector in equation (4) as:
where S  , L  represent the stress vectors due to infinitesimal and finite strains, respectively, i.e.
Hence, the strain energy density can be written as follows:
which can be rewritten as follows:
where S U d contains infinitesimal strain effect and
Then, the change of element strain energy is obtained by integrating the strain energy per unit area over the mindplane area as follows:
Infinitesimal and Stress Stiffness Matrices [10]
The changes of small and large strain energy density 
which may also be rewritten as follows:
where K represents the infinitesimal stiffness matrix 
Finite Force Vector
The coupling effect of small and large effect on the strain energy density
By integration over the thickness, the strain energy per unit area is obtained as;
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which can be rewritten in matrix form :
where L F represents the element force vector due to coupling effect which is defined as follows:
Geometric Nonlinear Static and Stability Analyses
An equivalent nodal force F can be defined such that the work done by the actual applied forces due to a virtual displacement field is the same as that done by F . The corresponding change of strain energy can be deduced from the strain energy as follows:
Applying the principle of virtual work, then; 
where the residual nodal force vector R can be defined as
This can be solved by means of iterative algorithm until acceptable value of error.
In general, the critical load is the load corresponding to large deflection, and  K is proportional to the stress level. Thus, a small deflection analysis can be carried out with a small load representing the distribution of actual load, and has equivalent nodal loading vector 0 F . Just before instability, the strains can always be considered infinitesimal, and if instability occurs at 
Numerical and Experimental Validation
To ensure the accuracy of the proposed finite element derivation with buckling analysis, experimental and numerical case studies have been carried out.
Experimental Validation
Two types of fibre reinforced materials have been used in this work, carbon/epoxy (Fiberite 977-2 toughened epoxy resin) by Cytec Fiberite Ltd. E 1 = 128 Gpa E 2 = 11 Gpa G 12 = G 23 = G 31 = 4.48 Gpa  12 = 0.25 and layer thickness = 0.25 mm and glass/epoxy (Fibredux 914G-E-5-30%) by CIBA-GEIGY Ltd. E 1 = 35 Gpa E 2 = 8.22 Gpa G 12 = G 23 = G 31 = 4.1 Gpa  12 = 0.26 and layer thickness = 0.18 mm. A compression testing, which was manufactured by Denison Mayes Group, has been used in the buckling test. The machine can also be used with 100 kN as a maximum allowable load. The buckling test is applied on the two types of composites with three different dimensions. The buckling analysis is carried out by increasing the applied compression load to the buckling mode is observed. Table 2 shows the critical buckling loads obtained experimentally compared with the theoretical results and with the results by ANSYS (SHELL99). It is clear from the results that the theoretical results have a good agreement with the experimental results which were slightly influenced by the effect of supports. 
Numerical Validation
The numerical validation has been carried out to illustrate the accuracy of the proposed finite element derivation with geometric nonlinearity and stability analyses. The results have been compared with published results and with ANSYS software results.
Geometric Nonlinear Static Analysis of a Clamped Free Curved Shell
An important factor, which has to be verified before the proposed finite element program can be used safely for the analysis of shell structures, is the ability of the package to deal with composite structures with different local coordinate systems. For this purpose, a curved shell made of E-glass/epoxy has been studied numerically. The shell is clamped free with 0.1 N/mm lateral distributed line load at the free end, 100 mm radius and 40 mm width. This case was discussed before by Attia [12] , where the material properties were isotropic properties expressed as orthotropic material properties. In that case the effect of material axes in different layers does not appear as the material is actually isotropic. Two different types of meshes were attempted; coarse meshes with 40 and 80, 4-node and 3-node elements, respectively, and fine meshes with 80 and 160, 4-node and 3-node elements, respectively, as shown in Figure 3 . For the purpose of validation the same meshes were also used in the ANSYS commercial package with SHELL99 element. The plates are simply supported on all four edges and subjected to in-plane uniform edge load. The buckling analysis is numerically validated with thin (L/t =100) and thick (L/t = 10) plates with different number of layers. The buckling analysis is represented by the buckling parameter λ as follows [13] : The critical buckling load Nc is obtained by solving the eigenvalue problem. For practical purposes, the lowest mode of the eigenvalue problem is corresponding to the actual buckling load. In that case, the critical buckling load per length Fc = Nc/b. The buckling parameters provided by the package are compared with the ANSYS and the published results by Narita & Leissa [13] as shown in Table 5 . The results are shown for different types of elements and different plate geometry. It can be seen from the table that the results of the package are in a good agreement with the ANSYS and the published results. 
Parametric Investigation
The stiffened plates are used in several applications, such as aircrafts and ships. This section provides a parametric study for composite laminated cantilever stiffened and unstiffened plates and demonstrates the effect of some parameters on the stability analysis. The stability analysis is shown in terms of the increase factor on stresses necessary to achieve neutral equilibrium Nc (critical buckling load) under in-plane compression load. This analysis was carried out on stiffened and unstiffened plates with different number of layers to show the ability of the proposed element to deal with this type of structures and to show the effect of stiffener on the structure stability.
The stiffened cantilever plate [10] consists of four stiffeners with the same boundary conditions of the unstiffened one. Tables 6-7 show the critical buckling load of stiffened and unstiffened cantilever plate for carbon/epoxy and glass/epoxy, respectively. The tables illustrate the variation of the critical buckling load with the fibre orientation angles for two different aspect ratios (L/b=1 & 2) and with three different number of layers (4-layers, 8-layers and 12-layers).
Some observations can be summarized as, the critical buckling loads of the carbon plates are higher than the glass plates in stiffened and unstiffened cases with different number of layers. The critical buckling load of the unstiffened plate is found lower than the stiffened plates at different fiber angle. The critical buckling load is decreased by increasing the aspect ration. At the same fiber angle, the critical buckling load increases by increasing the number of layers in stiffened and unstiffened plates. The maximum values of the critical buckling load for the carbon or glass unstiffened plates are found at fiber angle 0 o at any number of layers with the two aspect ratios and decrease gradually as the fiber angle θ increases. The maximum critical buckling loads for the carbon or glass stiffened plates are found at different fiber angle based on the number of layers. The maximum critical buckling loads of the carbon and glass stiffened plates increase by increasing the number of layers while the fiber angle decrease or constant such as; The maximum critical buckling load of 4 o has been observed. Observations similar to those found for the previous case can be noticed. These conclusions agree with the observations of the effect of fiber angle and number of layers investigation on the stability analysis. Figures 4-7 show the mesh and buckling mode shapes for the unstiffened and stiffened plates with 12-layer asymmetric laminates at fiber angle θ = 45 o for glass/epoxy material. 
Conclusions
The present work contributes to the development of geometric non-linearity analysis and stability analysis of composite laminated structures using high order finite element. The proposed technique and finite element derivation have been validated by comparing the obtained results with published results and with results obtained by ANSYS commercial package for the same case studies. Good comparison with the finite element results ANSYS were observed from previous test cases, confirming the accuracy and reliability of the new derivations and the programming package. 
